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Today’s lecture: Beyond the S5 — cube

> Conditional logics
> Labelled proof systems for conditional logics

> Structured proof systems for conditional logics



Conditionals

If A then B
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Counterfactuals
> If | had some ice cream, then life would be awesome.
> If kangaroos had no tails, then they would topple over.

> If Sam saw a lunar eclipse, then she would no longer believe that
Earth is flat.
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Causal models

Possible world models , ,
, , and many more!

v

v




Conditionals in a modal framework



Conditionals in a modal framework

Modal logics

AB:=p|L|AVB|AAB|A—->B



Conditionals in a modal framework

Modal logics

AB:=p|L|AVB|AAB|A—->B
-A = A-> L



Conditionals in a modal framework

Modal logics

AB:=p|L|AVB|AAB|A—B|OA

-A = A-> 1
CA = -O-A



Conditionals in a modal framework

Modal logics

AB:=p|L|AVB|AAB|A—B|OA

A = A-> 1L
CA = -O-A

Conditional logics



Conditionals in a modal framework

Modal logics

AB:=p|L|AVB|AAB|A—>B|COA
A = A-> 1L

CA = -O-A
Conditional logics

AB:=p|L|IAVB|AAB|A—>B
A = A-> 1L



Conditionals in a modal framework

Modal logics

AB:=p|L|AVB|AAB|A—>B|COA
A = A-> 1L

CA = -O-A
Conditional logics

AB:=p|L|IAVB|AAB|A—-B|A>B
A = A-> 1L



Conditionals in a modal framework

Modal logics

AB:=p|L|AVB|AAB|A—B|OA

-A A-L
CA = -O-A

Conditional logics

AB:=p|LIAVB|AAB|A—->B|A>B
-A = A->1
DA = —-A> 1
CA = =(A>1)
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a a a a 7
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PA > PNA > PTA > PWA > PCA
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> Prototypical properties ,
> Counterfactuals
> Conditional belief of agents



Axioms

PCL: classical propositional logic plus
Ao B A—B
(A>C)o (B>C) K (C>A)=(C>B)
id A>A
rand (A>B)A(A>C)— (A>(BACQ))
cm (A>B)A(A>C)—> ((AAC)>B)
rnt (A>B)A((AAB)>C)— (A>C)
or (A>C)A(B>C)—((AvB)>C)

rcea

V: PCL plus
cv (A>C)A=(A>-B)—> ((AAB)>C)

Extensions of PCL and V

n =(T>1) t A->-=(A>1)
w (A>B)— (A—-B) c (AAB)—> (A>B)
Uy (FA>1L) > (=(-A>1)>1) Up =(A>1)—>((A>1)>1)

a; (A>B) = (C>(A>B)) a —~(A>B) = (C>—(A>B))
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Selection function semantics

v

v

Sphere semantics
Preferential semantics

v

v

Neighbourhood semantics

Direct proof of soundness and completeness w.r.t. the
axiomatization of PCL and extensions
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M=W,N, [ N:W->PPW)) st 0¢ N(x) []:Am - P(W)

Nesting for all x , for all o, € N(x), « Cporf C
Centering for all x , for all @ € N(x), x € @ and {x} € N(x)

X p>q iff forall o e N(x),if o+ p, then
thereis s e N(x)st. fCoands i pands ik’ p—q

oA =Vyea,yirA arlA=3Tyecos t.yrA
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Conditional logics

VA VNA VTA VWA VCA
% 7 A % %
VU VNU VTU VWU —— VCU
g % /* %
V VT VW VC
> PNA > PTA > PWA > PCA
> PNU > PTU > PWU > PCU
PCL PN PT PW PC

Normality For all x, N(x) # 0.

Total reflexivity For all x, there is @ € N(x) such that x € a.
Weak centering For all x, N(x) # 0 and for all @ € N(x), x € «.
Centering For all x, for all @ € N(x), x € @ and {x} € N(x).
Uniformity For all x,y, UN(y) = U N(x).

Absoluteness For all x,y, N(x) = N(y).

Nesting For all x, for all @, 8 € N(x), either @ C S or 8 C a.

L D S S T

<>C 0= 4z



Labelled calculi for conditional logics
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Enriching the language: modal logics

= Countably many variables for worlds: x,y, z... (labels)
1= |Labelled formulas

> xRy ~» “x has accessto y” (relational atoms)

> X: A ~» “Xxsatisfies A” (labelled formulas)
1= Labelled sequent: R, = A
1= Rules for O

xRy,R,T = A,y : A | XRy,R,x :OA,y : A,T = A
RI=A,x:0A yo o xRy, R, x : 0A, T = A

x oA iff forallys.t. xRy,y I A

= Rules for frame conditions, example: transitivity

xRz, xRy,yRz,R,T = A
t
' xRy,yRz, R, = A
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== Countably many variables for worlds  x,y, z,...
i Countably many variables for neighbourhoods  a, b, c,...

1= Relational atoms
> Xea ~» “xisanelementof a”
> aeN(x) ~ “aisan elementof N(x)”
>acb w “aisincludedin b”

1 Labelled formulas
> X: A ~ “xsatisfies A”
>alkl A ~ “Ais satisfied at some world of a”
>ak’ A ~ “Ais satisfied at all worlds of a”
> XIkg A|B ~ “thereisab € N(x) suchthatb C a, b 1 A and
br' A— B’

XA > B iff foralloe N(x),if o r? A, then
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= Rules for >
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1z Rules for frame conditions: centering

C Forall x, forall @ € N(x), {x} € N(x) and x €

{x} € N(x),{x} Ca,aeNXx),RT=A . x e {xhL{x} e N(x),RT = A
aeNX).RT = A T ENK).RT = A
y € {x}, At(y), At(x),R,T = A Y€ {x}, At(x), At(y), R, T = A
Pl eplz

y € {x}, At(x),R,T = A y e {x}LAt(y),R,T = A



Example

Axiomc (pAqQ)— (p>q)

- HRye{x},...,y:q,y:p:>y:q

Lxexhbxp=2Xxrpx:p o yelxl,....,.y:g=>y:p—q

Loxexhbxip=2{Xxip 'yelxh....x:q=>y:p—ogq
[

P xig>X)r pogq

5
kg

Single

Lxip={xiEp
I

: {xtea,{x}ca,aeN(x),arp,x:p,x:q=>xkaplq

aeN(kx),ar'p,x:p,x:q=xaplq
! X p,X:gq=>X:p>q
X pPAGX:p>q
R
=>x:(prg)—(p>q)

>,

AL

—
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1 For L any logic in the conditional lattice

Theorem (Soundness). If the sequent R, = A is provable in the labelled
calculus for L, then the sequent is valid in the logic L.

Theorem (Completeness, |). If A is derivable from the axioms for L, then
= x : A is provable in the labelled calculus for L.

Proof. By proving cut-admissibility (easy).

1= For L any logic in the conditional lattice without absoluteness

Theorem (Completeness, Il). If A is valid in the class of models for L, then
= x : A is provable in the labelled calculus for L.

Proof. Show that if A is not provable, we can construct a finite
countermodel for it (easy). We need to show termination (difficult).



Structured proof systems for (some) Lewis’ logics

VA VNA VTA VWA —— VCA
an an an an /
VU VNU VTU VWU VCU
an an an an /!
V VN VT VW VC
PA > PNA > PTA > PWA > PCA
B B A B /
PU > PNU > PTU > PWU > PCU
‘l = = = /\

PCL PN PT PW PC




Conditionals in a modal framework

To define our structured proof system, we change the language: instead
of the conditional operator, we shall take as primitive the comparative
plausibility operator, <, also introduced by Lewis, which can be used to
define the conditional.

AB:=p|L|IAVB|AAB|A—>B|A<B

“A is at least as plausible as B”

OA =1 <-A

A>B :=(L<A)v=((AA-B)<(AAB))

The interdefinability of > and < does not hold for all the systems, but only for Lewis’ logics.

M, x |= A < Biffforalla € N(x), ifa -’ Bthena - A
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Blocks (X multiset of formulas)

[F<cl ~ \/(Bz0)

Bex
Example [A,B<C] ~ (A=<C)v(B=C)

Sequents with blocks (', A multisets of formulas)

I'zA,[L <IC1],...,[ZK<ICK] ~y

Ar-\av(\/B=zc))v---v(\/ (B=C)
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Sequents with blocks

Blocks (X multiset of formulas)

[F<cl ~ \/(Bz0)

Bex
Example [A,B<C] ~ (A=<C)v(B=C)

Sequents with blocks (', A multisets of formulas)

Fr= A1 <Cl....[Ex < C]
A= Vav(Y Eze)vv(\ E=c)

Example
Gi.Ge=D,[A.B<C] ~ (GiAG)—(DV((A=C)V(BxC))
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1 Rules for V
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init
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= A,[A < B]

<

" r>AA<B

NMA->B=A
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The rules

1 Rules for V
A= AB NMB=>A T=AA

init

poplA NisA 'ToAA-B - TA-BoA

= A,[A < B] . B=Y
jump ———————
= A,[X < B]

<

"T=>AA<B
A<B=A,[BX<C] NMA<B=A[L<C|[Z<A]
= MA<B= AT <C]
N=A[X, 5 <A [Z2<B] T=A[X <Al [, X2 < B]
M= A,[X < A],[X2 < B]

com
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1 Rules for V
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The rules

1 Rules for V
A= AB NMB=>A T=AA

init

poplA NisA 'ToAA-B - TA-BoA

= A,[A < B] . B=Y
_ jump —M8M8M8M8 ——
= A,[X < B]

<

" r>AA<B

A<B=A,[BYX<C] IMA<B=A[L<C|[Z<A]
=
) A<B= A[L<C]

rﬁA,[Z1,22<IA],[Zg<IB] rﬁA,[Z1<IA],[Z1,22<IB]
M= A,[X < A],[X2 < B]

1<AT=A T=A[AA-B<aA] (AA-B) <A T = A, [L <aA]

com

>L >R

A>BI=A r=AA>B

A>B :=(L<A)V~((AA-B)<(AAB))

1= Rules for extensions: centering

A=A T=AB
c
A<BTI=A




Examples

Axiom (A < B) v (B < A)

init —— init ——
b=a,b a=a,b

jump jump
= ax<b,b=xa,fab<b][b<al = a=x<b,b=<a,[a<b],[a,b<«ag]

com
=ax<b,b=<a,[a<b],[b<a]
<

=ax<b,b<a,la<b]
=>ax<bb=xa
A%
"S(a<b)v(b<a)
Axiomc (pAgq)—(p>q)

" bp.q= [L<pl.q
ALLpﬁq,p,qz[Mlp] "
Cp/\ﬂq,/o,q:>[L</o] p.q=[L<plp
(PA-q) <p.p,g=[L<p]
 Pa=p>q
___Prg=p>gq
"S(prg) - (p>q)

>R




Main results [G Lellmann, Olivetti, Pozzato, 2016]
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Proof. For V, by proving cut-admissibility (difficult). For the other logics,
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Theorem (Completeness, ). If A is valid in the class of models for L, then
A is provable in the labelled calculus for L.

Proof. Show that if A is not provable, we can construct a finite
countermodel for it (difficult). We need to show termination (easy).
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Summing up

VA VNA VTA VWA VCA
a a a a /
VU VNU VTU VWU —— VCU
a /7 a /7 /!
Vv VN VT VW VC

PA > PNA > PTA > PWA > PCA
PU > PNU > PTU > PWU > PCU
N A A A /

PCL PN PT PW PC

A

> Labelled calculi for all the logics
> Sequent calculus with blocks for V, VN, VT, VW, VC, VA, VNA

> Hypersequent calculus with blocks for logics VTU, VWU, VCU, VTA,
VWA, VCA



Summing up

fml. invertible | analyti- | termination counterm. modu-

interpr. rules city proof search constr. larity
G3cp yes yes yes yes, easy! yes, easy! n/a
G3K yes no yes yes, easy! yes, not easy no

NK U X© yes yes yes yes yes, easy! 45-clause

labK U X no yes yes yes, for most yes, easy! yes
lab, cond no yes easy difficult easy yes
str, cond ‘ yes no ‘ difficult ‘ easy difficult no



