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Summing up

fml. invertible | analyti- | termination counterm. modu-
interpr. rules city proof search constr. larity
@ yes yes yes yes, easy! yes, easy! n/a

C_i__:iK‘ yes ‘ @ ‘ yes ‘ yes, easy! yes, not easy no
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Today’s lecture: Nested Sequents

G) Nested sequents for K
> Nested sequents for the S5-cube
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Nested sequents for K
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Nested sequents in the literature

Independently introduced in:
> [Bull, 1992]; [Kashima, 1994] ~»> nested sequents
> [Brinnler, 2006], [Brinnler, 2009] ~» deep sequents
> [Poggiolesi, 2008], [Poggiolesi, 2010] ~» tree-hypersequents

Main references for this lecture:
> [Lellmann & Poggiolesi, 2022 (arXiv)]
> [Brinnler, 2009], [Brinnler, 2010 (arXiv)]
—— b S
> [Marin & StraBburger, 2014]
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One-sided sequents

Sequent P (F = A) = /\[‘—> VA’,A multisets of formulas
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One-sided sequents

)

Sequent M= A I, A multisets of formulas
r

One-sided sequent 7% I multiset of formulas
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One-sided sequents

Sequent M= A I, A multisets of formulas

One-sided sequent I " multiset of formulas

A,B:::p@IA/\BIAVB
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One-sided sequents

Sequent M= A I, A multisets of formulas

One-sided sequent I I multiset of formulas

A,B:=p|P|AAB|AVB

AAB:=AVB AVB:=AAB
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One-sided sequents

Sequent M= A I, A multisets of formulas

One-sided sequent I I multiset of formulas

A,B:=p|P|AAB|AVB
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One-sided sequents

Sequent M= A I, A multisets of formulas

One-sided sequent I I multiset of formulas

A,B:=p|P|AAB|AVB

AAB:=AvB AVB:=AAB
A-B:=AVB 1:=pAp
Rules of G3cp°™®
rnA I,B MNAB
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One-sided sequents

Sequent M= A I, A multisets of formulas

One-sided sequent I " multiset of formulas

A,B:=p|P|AAB|AVB

AAB:=AvB AVB:=AAB
A-B:=AVB 1:=pAp
Rules of G3cp°™®
rnA I,B MNAB

A \2
Mpp IAAB rAvB

Exercise. FggcpEﬁ A iff "G3cp°”CAv where T = {Z |Aerl}.

——————
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Nested sequents for modal logic

A,B:=p|plAAB|AVB|DA|CA
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Nested sequents for modal logic

A,B:=p|plAAB|AVB|DA|CA

AAB:=AVB AVB:=AAB ODA=0A OA:=DOA
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Nested sequents for modal logic

A,B:=p|plAAB|AVB|DA|CA

B ODA=0A OA:=CA

AAB:=AvVB A A
- B L:=pAp

B:=A
A \Y

\Y
B :=

>|
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Nested sequents for modal logic

A,B:=p|plAAB|AVB|DA|CA

B ODA=0A OA:=CA

AAB:=AvVB A A
- B 1L:=pAp

B:=A
A \Y

\Y
B :=

>|

Nested sequents (denoted I', A, .. .) are inductively generated as follows:
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Nested sequents for modal logic

A,B:=p|plAAB|AVB|DA|CA

B ODA=0A OA:=CA

AAB:=AvVB A A
- B 1L:=pAp

B:=A
A \Y

\Y
B :=

>|

Nested sequents (denoted I', A, .. .) are inductively generated as follows:

> A multiset of formulas is a nested sequent;
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Nested sequents for modal logic

A,B:=p|plAAB|AVB|DA|CA

B ODA=0A OA:=CA

AAB:=AvVB A A
- B 1L:=pAp

B:=A
A \Y

\Y
B :=

>|

Nested sequents (denoted I', A, .. .) are inductively generated as follows:

> A multiset of formulas is a nested sequent;
> If [ and A are nested sequents, then I, A is a nested sequent;
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Nested sequents for modal logic

A,B:=p|plAAB|AVB|DA|CA

B ODA=0A OA:=0A

AAB:=AvVB A A
- B 1 o)

B:=A
\Y%

\Y
A—>B:=

>|

Nested sequents (denoted I', A, .. .) are inductively generated as follows

> A multiset of formulas is a nested sequent;

> If [ and A are nested sequents, then I, A is a nested sequent;

> If [ is a nested sequent, then [ is a nested sequent.
We call [['] a boxed sequent.




https://xodo.com?utm_source=app&utm_medium=watermark

Made with Xodo PDF Reader and Editor

Nested sequents for modal logic

A,B:=p|plAAB|AVB|DA|CA

B ODA=0A OA:=0A

AAB:=AvVB A A
- B 1 o)

B:=A
\Y%

\Y
A—>B:=

>|

Nested sequents (denoted I', A, .. .) are inductively generated as follows

> A multiset of formulas is a nested sequent;

> If [ and A are nested sequents, then I, A is a nested sequent;

> If [ is a nested sequent, then [ is a nested sequent.
We call [I'] a boxed sequent.

Nested sequents are multisets of formulas and boxed sequents:

(= At A A D]
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Trees

Y v

M= Ai.Am AL [A)

To a nested sequent I there corresponds the following tree tr(r) whose

nodes vy, 4, ... are multisets of formulas: -
ta(8y) e (ha) o i (Ba)
ta (r) iz

The formula interpretation i(I') of a nested sequent I' is defined as:
> If m=n=0, then i( )_
> Otherwise, i([') :== Ay v -

——

VARV O(i(Aq)) V- v O(i(An))
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Contexts

A context is a nested sequent with one 6r multiple holes) denoted by { },
each taking the place of a formula in the nested sequent.

> Unary context ['{}

=

> Binary context '{ }{ }
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Contexts

A context is a nested sequent with one or multiple holes, denoted by { },
each taking the place of a formula in the nested sequent.

> Unary context ['{}  ~»> [{A}:filling I'{ } with a nested sequent A
> Binary context ['{ }{} ~» [{A{}{As}: filling I'{ }{ } with Aq, As

rE1y- A.0,13,090, <1 SR
i1

|
?,{1,¢
T
A
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Contexts

A context is a nested sequent with one or multiple holes, denoted by { },
each taking the place of a formula in the nested sequent.

> Unary context [{}  ~» [{A}:filling ['{ } with a nested sequent A
> Binary context ['{ }{} ~» [{A{}{As}: filling I'{ }{ } with Aq, As

r{1yy- 08,103,011, <1 r{NA ria b
A’J-. IAYY medeed MC(MQA«-*/) { ‘ é}-

FiaadiAd = A, 08,00, [ 4], €] 1 1

‘ n41c¢ B, by,
T )

A

A
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Contexts

A context is a nested sequent with one or multiple holes, denoted by { },
each taking the place of a formula in the nested sequent.

> Unary context [{}  ~» [{A}:filling ['{ } with a nested sequent A
> Binary context ['{ }{} ~» [{A{}{As}: filling I'{ }{ } with Aq, As

r{1yy- 08,103,011, <1 r{NA ria b
A’J-. IAYY medeed MC(MQA«-*/) { ‘ Az_

F{AL%{A{S: 9.[%,A4,[Azjl C__l T

rigdad - a3, 141, ] \’5-}?16 B, by C
A

[ {
riadig- a.0e,86,0 1 ¢l

A
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Contexts

A context is a nested sequent with one or multiple holes, denoted by { },
each taking the place of a formula in the nested sequent.

> Unary context [{}  ~» [{A}:filling ['{ } with a nested sequent A
> Binary context ['{ }{} ~» [{A{}{As}: filling I'{ }{ } with Aq, As

r{ti- a0e,13,0491, 1 r{u1 ST
By, By meskeod recpuetn {1t A,
Ciading = 4,08, 04,0 A, ] 1 |
rigHnd - .08, [ AT, c] Bibes B e
riaabig}= e, 8001, ¢l q q
The depth depth(I'{ }) of a unary context ' } is defined as:
> depth((}) :=0;
> depth(I'}, A) = depth(T"{}); depth (1] Hoab)= 1

> depth([I'{]) := depth(I'{}) + 1. wt&(rgwrﬁ) -2

— =
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Rules of NK

FA] T(B [A,B)
init —

[p.Bl  TIAAB]  TIAVB]
HA] M{OA,[A, A}

o

foAl CToA,[A])
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Rules ofFN:K mk

FA] T(B [(A,B)
init
fp.pl | TIAAB  TIAVB
HA]} M{OA,[A, A}

foAl CToA,[A])

Example. Proof of (O0p — og) — o(p — g) in NK
©p—Bq) > 0P =

init

— init ————
Lop:lp.pal - ©8.[g.p.q]
/\%’9 [ﬁ? q] <_>g? [ﬁ’ q]

Op AOG, [PV 4]
G —
,_%pA0g.o(pva)
(epAog)vo(pVQq)
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Validity of nested sequents

For a nested sequent [ I' and a model M = (W, R, v), an M-map for I is a

map f: tr(F) - W such that Whenever dis achild of y in tr(I"), then

(DRI - S (C)
1 Tr
¥ e
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Validity of nested sequents

For a nested sequent I and a model M = (W, R, v), an M-map for I is a
map f : tr(l) — W such that whenever ¢ is a child of y in tr(I"), then

f(y)RI(6).
A nested sequent I is satisfied by an M-map for I iff

M, f(8) = B, forsome 6 € tr(I'), for some B € §
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Validity of nested sequents

For a nested sequent I and a model M = (W, R, v), an M-map for I is a
map f : tr(l) — W such that whenever ¢ is a child of y in tr(I"), then

f(y)RI(6).
A nested sequent I is satisfied by an M-map for I iff

M, () = B, forsome 6 € tr(I'), for some B € §

A nested sequent I is refuted by an M-map for I iff

M, 1(5) I B, forall§ e tr(l), forall Be¢
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Validity of nested sequents

For a nested sequent I and a model M = (W, R, v), an M-map for I is a
map f : tr([) — W such that whenever § is a child of y in tr(T), then
f(y)Rf(5).

A nested sequent I is satisfied by an M-map for I iff

M, () = B, forsome 6 € tr(I'), for some B € §

A nested sequent I is refuted by an M-map for I iff

M, f(6) = B, foralléetr(l), forall Bes

A nested sequent is valid iff it is satisfied by all M-maps for I, for all
models M.
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Soundness of NK

Lemma. If T is derivable in NK then T is valid in all Kripke frames.
Progf. Amduckion an Recglih ¢ (fo‘&u'ﬂwﬁ:m of T.
Cone O Taeew&w&aw&edmdw‘fl&oo

rmm
0‘. +o e :
r{on? Mi} r{ct;mm&c/ 0., 71 OR <> enliet
Condnoyonitine: "«5) r{ QR & nefuded, tRew. r{[njgmm){dc‘(

pw Y, 3 st
% 8(6)3VB Su ol Se(n(l’fﬂlﬁ) 5%@%865
ﬁe/c fe much t0t DRy E ta({anl)
n,g(z)bé OR UZW b wew At 8(25

gl
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Completeness of NK

0} A, A}

w F{A} ctr r{A}
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Completeness of NK

km MA,A) rA} T{A)

NN o)

Lemma. The rules wk and ctr are hp-admissible in NK.
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Completeness of NK

(o) T18.8) ra) ria [1oAra nll
wK —— ctr cut —— -—
ra) ra) ro) {oR [0

Lemma. The rules wk and ctr are hp-admissible in NK.

Lemma. All the rules of NK are hp-invertible.




https://xodo.com?utm_source=app&utm_medium=watermark

Made with Xodo PDF Reader and Editor

Completeness of NK

km MA,A) rA} T{A)

NN o)

Lemma. The rules wk and ctr are hp-admissible in NK.
Lemma. All the rules of NK are hp-invertible.

Theorem. The cut rule is admissible in NK.
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Completeness of NK

km MA,A) rA} T{A)

NN o)

Lemma. The rules wk and ctr are hp-admissible in NK.
Lemma. All the rules of NK are hp-invertible.

Theorem. The cut rule is admissible in NK.

Proof sketch. Assume that the two premisses of cut are derivable in NK,
and show how to construct a derivation of the conclusion of the
conclusion. Lexicographic induction on (c, A).  »#m ’JY " 6}) D1 anef0)
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One cut reduction case

w@

riai rigi
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One cut reduction case

S A

ryaf r{a} rigi

f:= 08, andl g8 s }rmo%ue i tBe Qok rule uyy&‘e&{ 4m Og, Dz
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One cut reduction case

"w@

riAf r{aj
f:-08, a?\o[, a8 4 Wo%ue,]w tRe Qo rulle W/m/{ 4m D4, De

\m?m; %1 " @

T{os,[a]} rioB, .L__A_]T riral
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One cut reduction case

- S

riaj i{ai
0:=08, anol OB is fruincipol i the fork ruke c«w&w{ 4m Og, Dz
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Roadmap

Theorem. If I + A, then the nested sequent I Vv A is derivable in NK.

HILBERT-STYLE LoGICAL
fxioH SYSTEM CoNSE QUENCH
C + A ¢ > [ E A

CUW‘(( Soeuwal

(o c:,d - Mdm)
N
\'_MK- r = ﬂ

NESTED SEQRUENTS
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Semantic completeness (Jcmmm,)

Lemma (Proof or Countermodel). For I nested sequent, either I" is derivable
in NK or there is an M-map for I' such that I' is refuted by the M-map.

Theorem (Semantic Completeness). If I' = A, then the nested sequent
[V A is derivable in NK.
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Proof or countermodel (tcmonien)

Lemma (Proof or Countermodel). For I nested sequent, either I" is derivable
in NK or there is an M-map for I such that I" is refuted by the M-map.
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Proof or countermodel ({mﬂww)

Lemma (Proof or Countermodel). For I nested sequent, either I" is derivable
in NK or there is an M-map for I such that I" is refuted by the M-map.

?hoqf(AW&%J&). ﬁ@ami“%m LW%QQMEM*Cvg 1wc%§Aem¢ce Ann s

ALGORTHY

At O wilecl
mik Aoncg g@i} M/;oé {aee
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Example (+eworaw )

ini

o Aa).@PLIPA OB Ad) G PG

(P A Q). [a.pl.[P A7 q]
o _o(p~Q).[a.p][q]
AO(EA@),[ﬁ,p],Dq (P AQ).[q.pl.0q
(P AQ),[p AT pl.Oq
_0(PAQ).[Pl.og
, %P~ 9).0p.0q
,_°(Png).opvoq
(P A Q) Vv (opvog)
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cube

Nested sequents for the S5
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Rules for extensions: NK U X°
JTIOATA TI0AALTI[A 0ALA)
MOA) [{OA} A, 0A])

JJIOA[OA AL TIOANOA]
[{OA,[A]) [{OA}0)

depth(I'{ }{0}) >0
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Rules for extensions: NK U X°
JTIOATA TI0AALTI[A 0ALA)
MOA) [{OA} A, 0A])

JIOARA AL TIOANOA]
(oA, [A]) [{OA}0)

depth(I'{ }{0}) >0

For X € {d,t,b, 4,5}, we write X for the corresponding subset of
{d°,1°,b®, 4°,5°}. We shall consider the calculi NK U X°.
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Rules for extensions: NK U X°

dor:<>A,[A]} tOF{<>A,A} bor{[A,<>A],A}

MOA) F{OA) rA, 0A]}
[{OA,[CA, A} [{OAHOA)
© 5° depth(I'{ }{0}) >0
FOA,[A]) FOA}0)

For X C {d,1,b, 4, 5}, we write X® for the corresponding subset of
{d®,1°,b?,4°,5°}. We shall consider the calculi NK U X°.

Example. Proof of Op — oop in NK U {t, 4}

" 9. [0B. [0B. p.P]
4o OP-[0P. [0P. p]]
4o OP- [P [pl]

_ o [lpl]
_OP. [op]

Op,Oop
! Op Vv oop
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Structural rules
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Structural rules

For X € {d,t,b,4,5}:

Lemma. The rules wk and ctr are hp-admissible in NK U X°.
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Structural rules

For X € {d,t,b,4,5}:

Lemma. The rules wk and ctr are hp-admissible in NK U X°.

Lemma. All the rules of NK U X® are hp-invertible.
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Structural rules

For X € {d,t,b,4,5}:

Lemma. The rules wk and ctr are hp-admissible in NK U X°.

Lemma. All the rules of NK U X® are hp-invertible.

Proposition. Rule 5° is derivable in NK U {55, 55,55} U {ctr}.

. [{OA}CA]
[{OA}0]

,[[A, OA], 0A) L TA, 0AL [N, 0A]) L[, 0A [N, 0A]]

depth(I'{ }{0}) >0

1

T[4, 0A]) CTTIACALINT  TIA OAL AT




https://xodo.com?utm_source=app&utm_medium=watermark

Made with Xodo PDF Reader and Editor

Structural rules

For X € {d,t,b,4,5}:

Lemma. The rules wk and ctr are hp-admissible in NK U X°.

Lemma. All the rules of NK U X® are hp-invertible.

Proposition. Rule 5° is derivable in NK U {55, 55,55} U {ctr}.

o [[AI[0A]
T(OA}0)
,[[A, OA], 0A) L TA, 0AL [N, 0A]) . [A, OA, A, OA]]
A, ©A]) © A 0ALIN) P T[A, 0A, [A]])

depth(I'{ }{#}) > 0

e

1

For X € {d,t,b, 4,5}, a nested sequent is X-valid iff it is satisfied by all
M-maps for I, for all models M satisfying the frame conditions in X.

Theorem. If [ is derivable in NK U X® then [ is valid in all X-frames.
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Three problems for completeness
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Three problems for completeness

> Axiom 5, that is, ©CA — OOA, is valid in all {b, 4}-frames, but it is not
derivable in NK U {b®, 4°}.
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Three problems for completeness

> Axiom 5, that is, ©CA — OOA, is valid in all {b, 4}-frames, but it is not
derivable in NK U {b®, 4°}.

Failed proof of GA — 0oA in NK U {b®, 4°)

—

. [Pl p. [oP]
_[pL.op]
_op.[op]

op, Oop
! op v oop
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Three problems for completeness

> Axiom 5, that is, ©CA — OOA, is valid in all {b, 4}-frames, but it is not
derivable in NK U {b®, 4°}.

> Axiom 4, that is, A —» ODA, is valid in all {t, 5}-frames, but it
is not derivable in NK U {t®, 5°}.

Failed proof of GA — OoA in NK U {b®, 4°)

. [Pl p. [oP]
_[pL.op]
_op.[op]

op, Oop
! op v oop
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Three problems for completeness

“> Axiom 5, thatis, 0A — OCA, is valid in all {b, 4}-frames, but it is not /1
derivable in NK U {b®, 4°}. -

> Axiom 4, that is, A — OOA, is valid in all {t, 5)-frames, but it
is not derivable in NK U {EO, 5°}.

> Axiom 4, that is, A —» ODA, is valid in all {b, 5}-frames, but it is not
derivable in NK U {b®, 5°}.

Failed proof of GA — OoA in NK U {b®, 4°)

. [Pl p. [oP]
_[pL.op]
_op.[op]

op, Oop
! op v oop
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Solution # 1

For each set of frames characterised by the 5-axioms, there is at least
one combination of modal rules which is complete.
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Solution # 1

For each set of frames characterised by the 5-axioms, there is at least
one combination of modal rules which is complete.

For X C {d,t,b, 4, 5}, the 45-closure of X is defined as:

4

—_—
—

if {b,5} € Xor {t,5} € X
if {p, 41 c X
otherwise

—_—
—_—

XU
X={Xu
X

We say that X is 45-closed if X = X.
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Solution # 1

For each set of frames characterised by the 5-axioms, there is at least
one combination of modal rules which is complete.

For X C {d,t,b, 4, 5}, the 45-closure of X is defined as:

X U {4} if {b, 5} € X or {t,5} € X
X ={Xu{5) if {b,4} € X
X otherwise

We say that X is 45-closed if X = X.

Proposition. For X C {d, t,b, 4,5} X is 45-closed iff, for p € {4, 5}, it holds that
if p is valid in all X-frames, then p € X.
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Solution # 1

For each set of frames characterised by the 5-axioms, there is at least
one combination of modal rules which is complete.

For X C {d,t,b, 4, 5}, the 45-closure of X is defined as:

X U {4} if {b, 5} € X or {t,5} € X
X ={Xu{5) if {b,4} € X
X otherwise

We say that X is 45-closed if X = X.

Proposition. For X C {d, t,b, 4,5} X is 45-closed iff, for p € {4, 5}, it holds that
if p is valid in all X-frames, then p € X.

To prove: MC

Theorem (Completeness). For X C {d,t,b,4,5}, if [ is X-valid, then T is ,
derivable in NK @ '
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Solution # 1 - Syntactic completeness

Theorem (Cut-elimination). For X C {d,t, b, 4,5} 45-closed, if I" is derivable
in NK U X® U {cut}, then it is derivable in NK U X°.
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Solution # 1 - Syntactic completeness

Theorem (Cut-elimination). For X C {d,t, b, 4,5} 45-closed, if I" is derivable
in NK U X® U {cut}, then it is derivable in NK U X°.

The proof uses:
> A generalised version of cut (Y-cut, eliminable)

TIOAA] oA 4]
HAl

Cl

> Additional structural modal rules (admissible)
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Solution # 1 - Syntactic completeness

Theorem (Cut-elimination). For X C {d,t, b, 4,5} 45-closed, if I" is derivable
in NK U X® U {cut}, then it is derivable in NK U X°.

The proof uses:

> A generalised version of cut (Y -cut, eliminable)
&

HALIAD trw RULITEN _
_TIOAAL - TIRAAl r{gd [o8n1] fof, [Oﬁlmjt
A N rige, (817

> Additional structural modal rules (admissible)
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cut and Y-cut

[IA] THA) oy BANO" [OA}OGA)"
o) royo"
In the Y-cut: ntimes
——
> {A}" denotes {A}... {A};
> n>0;
> Y C {4,5};

there is a derivation of [ {GA}{OGA}" to [{OGA}(0}" in system Y©.

v
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Example: 4-cut

TIA] TiA) Joy [DALOI" TIOAJ(OA)"

{0} IRUR(IE

IfY = {4}, then I'{ }{ }" is of the form [1{{}, [2{}"}:

4_cutr1{{DA},r2{®}”} M1{CA}, T2{OA}")

F1{{0}, T2{0}"}
AL [A]} 4or{<3_Z,[<ZZ,A]} DF{[A],[A]} .
“TIoA.[A]) [OA[A]  w  TIBA [A] (oA (6A,A)
C r{[A]) = HIA]

\':L\S ¥4=[H,A]
t01191=-1{11,011,40%
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Structural modal rules

LI VN R =Y N |

ro) MA) A, [Z]i
4[]@ 511 rapio) depth(I'(}([A])) > 0

For X C {d, t,b, 4, 5}, we write X! for the corresponding subset of
(dll 11, bll, 401, 501},
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Structural modal rules

LI VN R =Y N |

ro) MA) A, [Z]i
4[]@ 511 rapio) depth(I'(}([A])) > 0

For X C {d, t,b, 4, 5}, we write X! for the corresponding subset of
(dll 11, bll, 401, 501},

Example. Proof of ©A — 00A in NK U {bl], 411}

" lp.pL. ol
-, [[B1.9p1
1 op!
B[0P
_op. [op]
op, adp
! op v oop
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Cut-admissibility

Theorem (Cut-admissibility). For X C {d,t,b, 4,5} 45-closed, the cut rule
and the Y-cut rule are admissible in NK U X°.

MALADL |, [OA,[0A, A])
DtF{DA, [A]) [(oA, [A])
ral

TIALLED)

[(OA, [0A,[A, Z]]}
(o]

A, [Z]])

4-cut

FOA, [0A, [Z]])

M=

- CIALIEID
w o THALED)
@ A ST

. HAL [A])
. tr{uA,[A]} [{OA, [OA, A])
’ XINT
i AL [[Z1D

) oA, [[Z]]}

4WtF{DA,[[Z,Z]]} [OA, [OA,[A, Z]])

T{[[A. X))

HIEID
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Roadmap
Xe {ob b, b4, 53 am @
HILBERT-5TYLE LoGlcAL
AxioH SYSTEM CoN SE QUENCH

CE R ——— [ K4

C‘""X SR

NESTED SGARUENTS

(wilkout at)
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Solution # 2

Can we get rid of the 45-closure condition?
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Solution # 2

Can we get rid of the 45-closure condition?

YES: by adding to NK both the propagation rulef nd the structural
rules X!1. The price to pay is that contraction is no Ionger admissible.

Theorem. For X = {d ; nd I a set of formulas, it holds that
[ is derivable if NKg; U X& U XU} iff T is X-valid.
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Solution # 2

Can we get rid of the 45-closure condition?

YES: by adding to NK both the propagation rules'fo\and the structural
rules X!1. The price to pay is that contraction is no longer admissible.

Theorem. For X = {d,t,b, 4,5}, and I a set of formulas, it holds that
[ is derivable in NKg, U XS, UXU iff T is X-valid.

Can we get rid of the propagation rules, and use NKg, U X1/
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Solution # 2

Can we get rid of the 45-closure condition?

YES: by adding to NK both the propagation rules X° and the structural
rules X!1. The price to pay is that contraction is no longer admissible.

Theorem. For X = {d,t,b, 4,5}, and I a set of formulas, it holds that
[ is derivable in NKg, U XS, UXU iff T is X-valid.

Can we get rid of the propagation rules, and use NKg, U XI1 2

NO, some combinations are incomplete, and one example is given in
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Summing up
fml. invertible | analyti- | termination counterm. modu-
interpr. rules city proof search constr. larity
G3cp yes yes yes yes, easy! yes, easy! n/a
G3K yes no yes yes, easy! yes, not easy no
NK U X® ‘ yes ‘ yes ‘ yes ‘ yes ‘ yes ‘ 45-clause

—
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Beyond nested sequents

Other ‘structured’ approaches to define proof systems for modal logics:
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Beyond nested sequents

Other ‘structured’ approaches to define proof systems for modal logics:

> Hypersequents for S5
- Introduced by: , ,
—» To get started:
A hypersequent H is a finite multlset of sequents:

F1:>A1|..|Fn:>A,,

e ——

HIDAT=>AX=A HIADAT=A HIT=2A|=A

t
“HIDAT>A|T>A H|oAT>A " H|T=A.0OA
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Beyond nested sequents

Other ‘structured’ approaches to define proof systems for modal logics:

> Hypersequents for S5
Introduced by: ) )

To get started:
A hypersequent H is a finite multlset of sequents:

F1:>A1|..|Fn:>A,,

HIDAT=>A|E=>A HIADAT=>A HIT>A|=A
m] t [m]
"HIOAT=>A|E=>A HIOAT=>A  H|T=A,0A

> Display calculi, for (temporal) logics with backward modality
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Beyond nested sequents

Other ‘structured’ approaches to define proof systems for modal logics:

> Hypersequents for S5
Introduced by: , ,
To get started:
A hypersequent H is a finite multlset of sequents:

F1:>A1|..|Fn:>A,,

HIDAT=>AX=A HIADAT=A HIT=2A|=A

t
“HIDAT>A|T>A H|oAT>A " H|T=A.0OA

> Display calculi, for (temporal) logics with backward modality

> Linear nested sequents, lists of sequents
=
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Beyond nested sequents

Other ‘structured’ approaches to define proof systems for modal logics:

> Hypersequents for S5
Introduced by: , )
To get started:
A hypersequent H is a finite multlset of sequents:

“ F1:>A1|..|Fn:>A,,

WIDA,F::»AI\f:oA HIAOAT = A HIT=2A|=A

t
“HIDAT>A|T>A H|oAT>A " H|T=A.0OA

> Display calculi, for (temporal) logics with backward modality

> Linear nested sequents, lists of sequents

> .. and many more! For an overview:
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End of content for today’s lecture!

Questions?
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Exercises

OA - OA
OA - A

A - O0A
OA — OoA
CA - OCA

o A T —~+~ Q

1. For X € {d,t,b, 4,5}, show that the axiom X is derivable in the
nested sequent calculus NK U X°.

2. Show that axiom 4 is valid in all {t, 5}-frames, but it is not derivable in
NK U {t®, 5°}. Show that the axiom is derivable in NK U {t[!, 5[1}.

3. Show that 4 is valid in all {b, 5}-frames, but it is not derivable in
NK U {b®, 5°}. Show that the axiom is derivable in NK U {bl!, 5[1}.

4. Derive axioms t,b and 5 in the hypersequent calculus for S5.
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