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Today’s lecture: Nested Sequents

> Nested sequents for K
> Nested sequents for the S5-cube



Nested sequents for K




Nested sequents in the literature

Independently introduced in:
> [Bull, 1992]; [Kashima, 1994] ~» nested sequents
> [Brinnler, 2006], [Brinnler, 2009] ~» deep sequents
> [Poggiolesi, 2008], [Poggiolesi, 2010] ~» tree-hypersequents

Main references for this lecture:
> [Lellmann & Poggiolesi, 2022 (arXiv)]
> [Brinnler, 2009], [Brinnler, 2010 (arXiv)]
> [Marin & StraBburger, 2014]
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One-sided sequents

Sequent M= A I, A multisets of formulas

One-sided sequent I " multiset of formulas

A,B:=p|P|AAB|AVB

AAB:=AvB AVB:=AAB
A-B:=AVB 1:=pAp
Rules of G3cp°™®
rnA I,B MNAB

A \2
rp.p IAAB rAvB

Exercise. kgaep [ = A iff Fggepore T, A, whereT ={A|AeTl}.
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Nested sequents for modal logic

A,B:=p|plAAB|AVB|DA|CA

B ODA=0A OA:=0A

AAB:=AvVB A A
- B 1 o)

B:=A
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Nested sequents (denoted I', A, .. .) are inductively generated as follows

> A multiset of formulas is a nested sequent;

> If [ and A are nested sequents, then I, A is a nested sequent;

> If [ is a nested sequent, then [ is a nested sequent.
We call [I'] a boxed sequent.

Nested sequents are multisets of formulas and boxed sequents:

Atvo s Am D] [A0]



Trees

F=Ape, Am [D1] . [A]

To a nested sequent I there corresponds the following tree tr(I'), whose
nodes v, 4, ... are multisets of formulas:

TV V4
ta(bs) 4 (Aa) - i (bm)
{/.,(r) =

The formula interpretation i(I') of a nested sequent I' is defined as:
> fm=n=0,theni(l):=1
> Otherwise, i(l) := Ay vV --- VvV Ap v O(i(A4)) Vv --- v O(i(Ay))



Examples
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Contexts

A context is a nested sequent with one or multiple holes, denoted by { },
each taking the place of a formula in the nested sequent.

> Unary context [{}  ~» [{A}: filling ['{ } with a nested sequent A
> Binary context ['{ }{} ~» [{A{}{As}: filling I'{ }{} with Aq, As

r{ti1- are,13,0{11 ¢l {1 r{a.b.]
As, B, mereed Mc{ue\i’d ] A,
C{adind = 8,08, 84,0 4], €] T T
T ' ] ’5. Ailc
cigiing - a8, [ &1, ¢l MT“ \ T
riaadigls e, 04,07, ¢l a q
The depth depth(I'{ }) of a unary context I'{ } is defined as:
> depth({}) :=0;
> depth(I'{ },A) := depth(I'{}); Mtﬂ(rg a4

> depth([I'{}]) := depth(I'{}) + 1. depth (TIA4] 3) =2



Rules of NK

- TA] 18] IA,B)
Fp.p) [{A A B rAV B
Al MOA,[A A}

foAl © TIoA,[A])



Rules of NK

FA] T(B [(A,B)
init
fp.pl | TIAAB  TIAVB
HA]} M{OA,[A, A}

o

foAl CToA,[A])

Example. Proof of (O0p — og) — o(p — g) in NK

init

“op.lp-pal . 0a.[a.p.dl
op.[p.q] ©q.[p.q]
,.oPA0G, [P, q]
_OPAOG[PV]
,_%pA0g.o(pva)
(opAog)vo(pVa)
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map f : tr(l) — W such that whenever ¢ is a child of y in tr(I"), then
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Validity of nested sequents

For a nested sequent I and a model M = (W, R, v), an M-map for I' is a
map f : tr(l) — W such that whenever ¢ is a child of y in tr(I"), then

f(y)RI(6).
A nested sequent I is satisfied by an M-map for I iff

M, f(6) = B, forsome 6 € tr(I'), for some B € §

A nested sequent I is refuted by an M-map for I iff

M, f(6) = B, forallsetr(l), forall Beds

A nested sequent is valid iff it is satisfied by all M-maps for I, for all
models M.



Soundness of NK

Lemma. If T is derivable in NK then I is valid in all Kripke frames.
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Completeness of NK
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Completeness of NK

) () MA,A) rA} T{A)

NN o)

Lemma. The rules wk and ctr are hp-admissible in NK.
Lemma. All the rules of NK are hp-invertible.

Theorem. The cut rule is admissible in NK.

Proof sketch. Assume that the two premisses of cut are derivable in NK,
and show how to construct a derivation of the conclusion of the
conclusion. Lexicographic induction on (c, h).
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One cut reduction case
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Roadmap

Theorem. If I + A, then the nested sequent I Vv A is derivable in NK.
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Semantic completeness

Lemma (Proof or Countermodel). For I' nested sequent, either I' is derivable
in NK or there is an M-map for I' such that I' is refuted by the M-map.

Theorem (Semantic Completeness). If I' = A, then the nested sequent
[V A is derivable in NK.



Proof or countermodel

Lemma (Proof or Countermodel). For I nested sequent, either I" is derivable
in NK or there is an M-map for I such that I" is refuted by the M-map.



Proof or countermodel

Lemma (Proof or Countermodel). For I nested sequent, either I" is derivable
in NK or there is an M-map for I such that I" is refuted by the M-map.

T%az?(AW&%J&). ﬁ@%ﬁL“%m iﬂwkg&mﬂm*évg 1wgc§,ua»¢c€.ima s

ALGORTHY

KAviﬁi ool &MJ&MI
&ngjxawo&‘{aee

mK Aoncg
‘\\\\\\\\..
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Example

ini

o Aa).@PLIPA OB Ad) G PG

(P A Q). [a.pl.[P A7 q]
o _o(p~Q).[a.p][q]
AO(EA@),[ﬁ,p],Dq (P AQ).[q.pl.0q
o(pAQ),[p AT, Pl Oq
_0(PAQ).[Pl.og
, %P~ 9).0p.0q
,_°(Png).opvoq
(P A Q) Vv (opvog)




Nested sequents for the S5-cube




Rules for extensions: NK U X°

- FOA,[A]) . FOA,A) o r[A, ©A], A}
[OA) [OA) H[A, 0A])

L T1OA,[0A, A]) . MOA}OA)
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{d°,1°,b®, 4°,5°}. We shall consider the calculi NK U X°.



Rules for extensions: NK U X°

JTOA[A]) tor{OA’A} bor{[A,<>A],A:

ROZY [{OA] H[A, A}
M{OA,[OA, A} HOAHOA]
© 5° depth(I'{ 1{0}) >0
M{OA,[A]} M{OANH0}

For X C {d,1,b, 4, 5}, we write X® for the corresponding subset of
{d°,1°,b®, 4°,5°}. We shall consider the calculi NK U X°.

Example. Proof of Op — oop in NK U {t, 4}

" 9. [0B. [0B. p.P]
, ©P.[op. [oP. p]]
4o OP- [P [pl]
_oP.[lpl]

_OP. [op]
Op,Oodp
! Op Vv oop




Structural rules [Briinnler, 2009]
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Structural rules

For X € {d,t,b,4,5}:

Lemma. The rules wk and ctr are hp-admissible in NK U X°.

Lemma. All the rules of NK U X® are hp-invertible.

Proposition. Rule 5° is derivable in NK U {55, 55,55} U {ctr}.

. [[0A][0A)
MOANHO}

L, [[A, 0A], 0A) L TA, 0AL [N, 0A]) LA, 0A [N 0A]]

depth(I'{ }{0}) >0

1
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For X € {d,t,b, 4,5}, a nested sequent is X-valid iff it is satisfied by all
M-maps for I, for all models M satisfying the frame conditions in X.

Theorem. If [ is derivable in NK U X® then [ is valid in all X-frames.
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is not derivable in NK U {t®, 5°}.
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Solution # 1

For each set of frames characterised by the 5-axioms, there is at least
one combination of modal rules which is complete.

For X C {d,t,b, 4, 5}, the 45-closure of X is defined as:

X U {4} if {b, 5} € X or {t,5} € X
X ={Xu{5) if {b, 4} € X
X otherwise

We say that X is 45-closed if X = X.

Proposition. For X C {d, t,b, 4,5} X is 45-closed iff, for p € {4, 5}, it holds that
if p is valid in all X-frames, then p € X.

To prove:

Theorem (Completeness). For X C {d,t,b,4,5}, if [ is X-valid, then T is
derivable in NK U X©.



Solution # 1 - Syntactic completeness [Brinnler, 2009]

Theorem (Cut-elimination). For X C {d,t, b, 4,5} 45-closed, if I" is derivable
in NK U X® U {cut}, then it is derivable in NK U X°.
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Solution # 1 - Syntactic completeness

Theorem (Cut-elimination). For X C {d,t, b, 4,5} 45-closed, if I" is derivable
in NK U X® U {cut}, then it is derivable in NK U X°.

The proof uses:
> A generalised version of cut (Y-cut, eliminable)
fAL) | ToA A TioRLATE
oA [a]) [OA Al r{a@,[n0a13 r{of, EOHIMaL:
Al " riaw AT

> Additional structural modal rules (admissible)

Cl




Example: 4-cut

FA}] T(A) v DANO)" [OAOA)"
cut —mmM8 -cu

o) rojo}"

IfY = {4}, then ['{ }{ }" is of the form I'1{{}, ['>{ }"}:

M{DA}LT2{0}") T1{{OA), To{0A})
F1{{0}, T2{0}"}

4-cut

MALA] , [(0A[0A, A]) HiALay
“ToA, [A]) FOA[A]] sy (BA[A]] TOA,[0A, A])

o RN ’ EIN]



cut and Y-cut

[A] TA) oy [BALO)" T{OA](OA)"
o) royo"
In the Y-cut: ntimes
——
> {A}" denotes {A}... {A};
> n>0;
> Y C {4,5};

> there is a derivation of [ {GA}[OA}" to [{OA}0}" in system Y©.



Example: 4-cut

FA}] T(A) Sy [ [DAJO) [OAOA)"
cut —mmM8 -cu

{0} IRUR(IE

IfY = {4}, then I'{ }{ }" is of the form [1{{}, [2{}"}:

M{DA}LT2{0}") T1{{OA), To{0A})

4-cut
F1{{0}, T2{0}"}

M[AL[A]) 40F{<>Z,[<>Z,A]} AL (A -
“TIoA.[A]) (oA [A]] ™ MDA, [A]] T(0A,[0A,A])
cut 4-cu

r{[A]) HIA]

\':L\S ¥4=[H,A]
t1191=1{13,091,40%



Structural modal rules
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Structural modal rules

LI VN R =Y N |

ro) MA) HA, X))
4l HIALRD 501 rapio) depth('{/{[A]}) > 0
faLEy o Teial

For X C {d, t,b, 4, 5}, we write X! for the corresponding subset of
(dll 11, bll, 401, 501},

Example. Proof of ©A — 00A in NK U {bl], 411}

" lp.p1.op
- L opl
31 op)
_IBL.[op]
_op. [op]
op, adp
! op v oop




Cut-admissibility

Theorem (Cut-admissibility). For X C {d,t,b, 4,5} 45-closed, the cut rule
and the Y-cut rule are admissible in NK U X°.

F[A] [A]} R oA, [()Z, Al MIAL[A])
Dm 4 CTRAB . Dm [{OA, [OA, A])
" r{[A]) o NI
HIAL (X)) <>F{<>K,[<>Z,[Z,z]]}
FoA Il | TIoA [OA S]]~
=]
JHALIED
JUALIED o, MEAED
o g HALED -, TEATA ] _F{OA,[OA,[A,Z]]}
A Z1D FA )

HIED
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Solution # 2 [Marin & StraBburger, 2014]

Can we get rid of the 45-closure condition?



Solution # 2

Can we get rid of the 45-closure condition?

YES: by adding to NK both the propagation rules X° and the structural
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Solution # 2

Can we get rid of the 45-closure condition?

YES: by adding to NK both the propagation rules X° and the structural
rules X!1. The price to pay is that contraction is no longer admissible.

Theorem. For X = {d,t,b, 4,5}, and I a set of formulas, it holds that
[ is derivable in NKg, U XS, UXU iff T is X-valid.

Can we get rid of the propagation rules, and use NKg, U XI1 2

NO, some combinations are incomplete, and one example is given in



Summing up

fml. invertible | analyti- | termination counterm. modu-
interpr. rules city proof search constr. larity
G3cp yes yes yes yes, easy! yes, easy! n/a
G3K yes no yes yes, easy! yes, not easy no
NK U X® ‘ yes ‘ yes yes yes yes 45-clause
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Beyond nested sequents

Other ‘structured’ approaches to define proof systems for modal logics:

> Hypersequents for S5
Introduced by: , )
To get started:
A hypersequent H is a finite multlset of sequents:

F1:>A1|..|Fn:>A,,

HIDAT=>AX=A HIADAT=A HIT=2A|=A

t
“HIDAT>A|T>A H|oAT>A " H|T=A.0OA

> Display calculi, for (temporal) logics with backward modality

> Linear nested sequents, lists of sequents

> .. and many more! For an overview:



End of content for today’s lecture!

Questions?



Exercises

OA - OA
OA - A

A - O0A
OA — OoA
CA - OCA

o A T —~+~ Q

1. For X € {d,t,b, 4,5}, show that the axiom X is derivable in the
nested sequent calculus NK U X°.

2. Show that axiom 4 is valid in all {t, 5}-frames, but it is not derivable in
NK U {t®, 5°}. Show that the axiom is derivable in NK U {t[!, 5[1}.

3. Show that 4 is valid in all {b, 5}-frames, but it is not derivable in
NK U {b®, 5°}. Show that the axiom is derivable in NK U {bl!, 5[1}.

4. Derive axioms t,b and 5 in the hypersequent calculus for S5.



